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Inextensional Free Vibrations of Circular Cylindrical Shells
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Asymptotic solutions are obtained for the eigenvalue problems of the inextensional free vibrations of circular
cylindrical shells, considering all 45 possible combinations of the boundary conditions, characterizing the simply
supported, the clamped, and the free ends. In addition to the well-known Rayleigh and Love types of inextensional
vibrations for shells with the free-free ends, a type represented by a linear combination of those classical ones is found
in cases where one end is free and the other is supported hi such a manner that it can move freely in the axial direction.
The existence of the three types of inextensional mode is proved by an experiment, and the mode shapes are visualized
by holographic interferometry.

I. Introduction

THE present paper is concerned with an apparently well-
established eigenvalue problem of the inextensional free

vibrations of a thin elastic circular cylindrical shell, which as-
sumes that the midsurface of the shell permits no stretching.
Rayleigh1 was the first to find a valid solution to this problem.
In The Theory of Sound, published in 1877, he presented a
closed-form solution for the natural frequencies, assuming that
the shell was indefinitely long and that the mode shape was
uniform along the generator. Rayleigh's work was criticized by
Love2 in that the assumed mode of the inextensional vibrations
led to expressions of the displacements that could not satisfy
the boundary conditions at the free ends. But he soon realized
that the extensional strain was confined to so narrow a region
near the free end that its effect in altering the total amount of
the potential energy was negligible and that most of the shell
remained practically inextensional. In A Treatise on the Mathe-
matical Theory of Elasticity? Love proved that a finite shell
that is free at both ends can vibrate without midsurface stretch-
ing, not only in the cylindrical mode shape as assumed by
Rayleigh, but also in a mode shape that varies linearly along
the generator and is antisymmetric with respect to the cross
section bisecting the axis of the cylinder. Love's solution for the
natural frequencies exhibits dependence on the length of the
cylinder.

These developments appear to have established the solutions
for the eigenvalue problem. There has been no significant
theoretical development since, and state of the art remains
essentially the same as it was nearly 100 years ago. It is well
accepted nowadays that the inextensional vibrations occur ei-
ther when the shell has the free-free ends or when it is infinitely
long. The mode shape of the inextentional vibrations is to be
either of the Rayleigh type or of the Love type; see, e.g., Ref.
4. The natural frequencies of the inextensional vibrations de-
tected in some experiments agree with the theoretical predic-
tions; see, e.g., Ref. 5. None of these experiments, however,
seem to have identified the types of the mode shape.

The present paper shows that there exists yet another type of
inextensional vibration that occurs when one end is free and
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the other is supported in such a manner that it can move freely
in the axial direction. The existence of such a type of inexten-
sional vibration is proved by an experiment, and its mode
shape is visualized by holographic interferometry.

IL Basic Equations
Let us consider a circular cylindrical shell of radius R, thick-

ness A, and length 2L. The shell is assumed to be made of an
elastic material with Young's modulus E, Poisson's ratio v, and
mass per unit volume p. The coordinates x and 6 are set on the
midsurface of the shell such that x measures the distance along
the generator from the center of the shell and 9 the circumfer-
ential angular extent. Time is denoted by t. The displacement
components in the axial, circumferential, and lateral directions
are denoted by ux, u0, and w,, respectively, wz being positive for
outward normal to the midsurface. Budiansky's6 equations for
small perturbations of stressed shells are specialized for the free
vibrations of the ciruclar cylindrical shell. They are

Kinematic relations:

° + 8^}l2R

K0= -

«—
Constitutive equations:

Nx = K(ex + ve0), N0 = K(eB + vex\ Nxf)=(l-

Mx = D(KX + VK0), M0 = D(K9 + VKX), MxB = (. 1 - V)DKx0

(2)

where

D=Eh3/l2(l-v2) (3)
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Equations of motion:

dNx t (dNx0ldO\ (dMx0m\ phd2ux A

^r+V~~^/~ \~^)^~ ( }

a2M,

dNx0 (dM0jde
~

32MV

dMx

(4b)
7V0 phd2wz

~R~~ dt2 = 0

(4c)

Boundary conditions at x = L and — L:

dwwz=0 or Qx = 0, —^ = 0 or Mx = 0

1^=0 or ^=0, ue=Q or 5^=0 (5)

Here, gx and S^ are the normal and tangential components of
the equivalent edge shear, respectively, which are defined by

(6)

The basic equations are expressed in nondimensional form by
introducing nondimensional quantities and operators defined
by

u = ux/R, v=u0/R, w =

N = NX/K, M = RMJD,

, y=x/R,

( y _ * >
( } ~ Sy>

where

(y=w
v2( ) = ( ) " -

dT

S = Sxg/K

(7)

(8)

III. Fundamental Assumptions and Governing Equations
The equations of motion, Eqs. (4), are expressed in terms of

the displacements with the aid of Eqs. (1) and (2) to form a
system of three simultaneous differential equations for w, v, and
w. From the first two, [Eqs. (4a) and (4b)], u and v can be
separated. They are then used to express the right-hand mem-
bers of the constitutive equations, Eqs. (2), in terms of w. The
differential equations thus obtained relate N9 M,Q, and Sto w,
which will be referred to here as supplemental equations. The
remaining equation of motion, Eq. (4c), is expressed only in
terms of w, eliminating u and v with the aid of Eqs. (4a) and
(4b). As a result, an eighth-order differential equation for w is
obtained, which will be referred to as the free vibration equa-
tion. The complete expressions of the supplemental and the
free vibration equations are too complicated to present in the
space available. It may be sufficient for our purpose to state
that the coefficients of these equations are given in polynomials
in a geometric parameter 3 defined by

6=h2/12R2 (9)

From the fundamental assumptions of the thin-shell theory,
we may assume that

The coefficients of the governing equations can be simplified,
therefore, by neglecting terms of order of magnitude 3 in their
polynomial expressions.

The fundamental solution of the free vibration equation may
be written in the form

w = exp(^y) cos«# sincoF

where n is the circumferential wave number, co is a frequency
parameter, and A is the eigenvalue that determines the modal
characteristics along the generator.

Let it be assumed that

The first two of these assumptions are equivalent to assuming
that the wavelength of the deformation or vibrations is much
greater than the thickness. The third is a valid assumption for
highly flexural vibrations. It follows that

Accordingly, the governing equations can be simplified further
to yield the free vibration equation:

":: + 2w:::

and the supplemental equations:

V4u = -vw"

V4v= -(2

= 0 (14)

(15a)

(15b)

-vw"** (15c)

*~-vw" (15d)

V4g = -V4{w"' + (2 - v)w"'} - W'" - (2 - vX:: (15e)

V4S = -(1 - v2X"' - 5(2 - vX::- - (2 - v)5w""

+ (l+v)w / -** (15f)

Details of the derivation of Eqs. (14) and (15) are found in a
previous report7 by the first author.

IV. Eigenvalues
Substitution of w from Eq. (11) into Eq. (14) yields

^2 -f A0 = 0

where

/I8 +' A31

4i = -4n2(n2 - I)2 + (2n2 + 3 + 2v)(D2/S

40 = n\n2 - I)2 - n\n2 + l)co2/S

(16)

(17)

In the present paper, we shall only be concerned with the case
where co is equal to Rayleigh's solution co0:

(18)

Then, from the last of Eqs. (17),

(10) (19)
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Equation (16) now becomes

(20)

It can be shown that the roots of Eq. (20) take the form of

(21)

where "£1? £2, and ^2
 are positive real numbers and i = *J — 1.

From the root and coefficient relations of Eq. (20), we have

where

\l/2

(22)

(23)

Approximate solutions for{r, £2, andf;2 satisfying Eqs. (22)
are now sought. To this end, let it be assumed that

,.";,:;;.;;:..;' A<I (24)
Then, £2, {|,;' and ?/| may be expressed in asymptotic series in
A such as

(25a)

(25b)

(25c)4- A?/21 + A2?/22 + -)

where ̂  are real and of order of magnitude unity.
The left-hand members of Eqs. (22) are substituted from

Eqs. (25), and terms of like powers of A on both sides are
equated. The result is

=^^^

= ^/20=1/2

(26a)

(26b)

If terms of order of magnitude A are neglected in the series
of Eqs. (25), £19 £2, and rj2 become

= A£0 + 6>(A2),

where

It follows then that

^ = ̂ =0(1)

(27)

(28)

(29)

It should be noted that the fundamental solutions correspond-
ing to A, {i = 1, 2, 3, 4) represent the global solutions which
vary gradually over the entire surface of the cylinder, whereas
those corresponding to A7 (7 = 5, 6, 7, 8,) represent the edge-
zone solutions which decay rapidly as the distance from the
ends increases. The general solution for w can now be written

. .as-.- . ' . " . . . . . . : • • • ' • • : . • • •'.-:.-' '

/=3

x cos/20 sincor
7=5

(3.0)

Let it be assumed that the shell is of moderate length, such
that

Then, since

(31)

(32)

the exponential functions in the global solutions can be ex-
panded into power series in>//, and the general solution may
be represented by truncating the series by the first four terms.
Thus, one has

Wj

sincoT (33)

It should be noted here that W3y2 and W4y3 are of order of
magnitude A2 and are negligible in comparison with Wl and
Wtf. They will be retained, however, until the final expressions
of the boundary conditions are derived.

V. Boundary Conditions
Boundary conditions to be considered in the present paper

are those of the simply supported, the clamped, and the free
ends. They are defined and designated as

Simply supported ends:

S2(w = M = u = S =

damped ends:

C\(w = w' •= u = v = 0)
C2(w = w' = u = S = 0)

C3(w = w' = N = v =0)

C4(w = w' = N = S = 0)

Free ends:

FR(Q =M = N = S = Q)

(34a)
(34b)
(34c)
(34d)

(34e)
(34f)

(34g)
(34h)

(34i)

Each of the homogeneous equations constituting the
boundary conditions can be expressed in terms of the unknown
coefficients Wm. Those expressions for the equations w = 0 and
w' = 0 are obtained readily from Eq. (33). Those for u =0,
v = 0, Q = 0, M - 0, N = 0, and 5 = 0 are obtained from the
supplemental equations, Eqs. (15): the right-hand members of
Eqs. (15) are substituted from Eq. (33), and the particular
solutions are sought for those quantities on the left-hand side.
The results are set equal to zero at y =/ and —/.Here, only
those equations for y = / are presented. Those for y = —f are
readily obtained by replacing <f with —/.

= 0: Wl

w' = 0:

u = 0:

= 0

+ eE(f)W = 0

where Wm(m = \, 2, 3, . . . , 8) are arbitrary constants.

(35a)

(35b)

(35c)
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v = 0: A-1

fi = 0:

3F2)

+ 2/2^3 + (3 + 22X^4]

(35d)

(35e)

(350

= 0 (35g)

5 = 0: A3/25![/^2 + 2/2fcK3 + (3 4- A~252X3^4]

-e3E(t)W = Q (35h)

where

W={W5, W6, W7, WS}T; Jfor transpose

<?m = 2-"l/2(l+0m{l, (-0™, (-1)"1, (Om); m-1,2,3, . . .

exp(A57), 0, 0,
exp(A^), 0,

(sym) (36)

Expressions of £1? *71? U2, Vl9 V29 Q^ g2, M1? M2, #19 jV2, 5ly
and 52 are obtained explicitly in terms of v, ?/0, and n2. It is
sufficient for our purpose to state that they are real and of
order of magnitude unity.

The reason why the terms t?2W3 and /3W4 have been re-
tained is obvious from Eqs. (35g) and (35h), in which they
become of the same order of magnitude as W^ and £W2. This
gives rise to the question of whether the exact expressions
should have been used for the supplemental equations relating
TV and 5 with w, instead of the first approximation forms as
given in Eqs. (15). The result, however, is that the use of the
exact expressions of the supplemental equations leads to N and
5 identical in form with Eqs. (35g) and (35h) except for the
expressions of the coefficients Nl9 AT2, 51? and 52.

The boundary conditions defined by Eqs. (34) are now given
by systems of four linear homogeneous equations for Wm
(m = 1, 2,. . . , 8). They are solved for Wi (i = 1, 2, 3, 4) in
terms of Wj (j — 5, 6, 7, 8). Terms of order of magnitude A2 are
then neglected in the global solution parts. At this stage £2W3
and £3W4 are neglected in comparison with Wl and £W2. Also
neglected are terms of order of magnitude A in the edge-zone
solution part. As a result, the boundary conditions for y = /
become

51: Wl = -

S2:

S3:

S4:

Cl : Wl = t

C2: Wl = -

Q, \E(f) W = 0, e2

0, \E(£)W= 0, e2E(f)W = 0

= A-2(S2/S^3W4 - A~3/2

= 0

0, eE(S)W = 0

= 0, eE(f) W = Q,

(37a)

(37b)

(37c)

(37d)

(37e)

(370

C3: W, = -

C4: Wl - A" 1/2

tW2=-

FR: Wl=-

, \E(t)W = 0 (37g)

- IE(£) W

0 (37h)

(37i)

It should be noted here that terms of order of magnitude A3/2

have been neglected in the global solution parts in C3 and C4.
In addition, A 5 = — X7 and A 6 = ~ ^ 8 and exp(-/l5/) and
exp( — A6/) are negligible in comparison with exp(A5/) and
exp(V).

VI. Nontrivial Solutions
There are 45 possible combinations of the boundary condi-

tions between the ends y = ^ and — /. For each combination,
nontrivial solutions for Wm are sought with the aid of Eqs. (36)
and (37).

It can easily be shown that only trivial solutions exist if the
combinations contain 51, S2, Cl, or C2, or if they consist of
53, 54, C3, and C4 only. Nontrivial solutions are found when
both ends are free (FR-FR), and when one end is free and the
other is supported in such a manner that it can move freely in
the axial direction (FR-S3, FR-S4, FR-C3, and FR-C4).
FR-FR

The boundary conditions are given by Eq. (37i) for y — t
and the corresponding ones for y = — /:

(38a)

-f i

(38b)

(38c)

(38d)

The terms with /2M^3 and £3W4 may now be completely disre-
garded as small terms of order of magnitude A2 in comparison
with Wl and SW2. Thus,

(39)

The number of equations are insufficient to determine the
eigenvectors uniquely: two of the eight unknowns are left arbi-
trary. Additional equations are provided from the condition
that the fundamental solutions should be linearly independent
of each other. It may be assumed, therefore, that Wl ^ 0 and
/p^2==0 for one solution and ̂  = 0 and /ff^O for the
other.

For the first solution characterized by £W2 = 0, the follow-
ing are obtained from Eqs. (38):

0 = 0

exp( - (40)

Substitution of Eqs. (40) into Eq. (33) shows that the terms in
the edge-zone solution part in the deflection function are negli-
gible. Thus, one has

— WQ cosnO sintoT (41)

where WQ is an arbitrary constant. Equation (41) represents the
Rayleigh type of inextensional mode.
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exp( -

For the second solution characterized by W{ — 0, the follow-
ing are obtained from Eqs. ( 38):

t .= 0,

(42)

Since the terms in the edge-zone solution part are negligible
again, the deflection function becomes

Equation (43) represents the Love type of inextensional mode.

FR-S3, -54, -C3, -C4
Let us take, for example, FR-S4, assuming FR at y =/ and

S4 at y = —/.The boundary conditions are then given by Eq.
(37i) for y = S and Eq. (37d) for y = -f\

Wl = -t

W2 = - A-3/2{( 1 -

w\ =-

It follows that

^
. (44)

0 exp( -

exp( -
(45)

Substitution from Eqs. (45) into Eq. (3.3) shows that the terms
in the edge-zone solution part as well as £2W3 and J3W4m the
global solution part are negligible in the expression of the
deflection function. Thus, it becomes

w = W0(l.+-y/S) cosrcfl sincoT (46)

FR

(, ( ( (( ( ( (( ( (• ( ( ( ( (/

c)

SF( S3, 54, C3, CA )

Fig. 1 Schematic of three types of inextensional mode: a) Rayleigh
type; b) Love type; c) a linear combination of a) and b).

In a similar manner, the expressions for the deflection func-
tion are derived for FR-S3, FR-C3, and F#-C4. It turns out
that the deflection function for FR-S3 is identical with Eq.
(46). As for FR-C3 and FR-C4, the deflection function be-
comes identical with Eq. (46) if the following holds:

.A^l (47)

Since Eq. (46) is a linear combination of Eqs. (41) and (43), it
represents the inextensional vibrations. The three types of inex-
tensional mode are depicted schematically in Fig. 1.

VII. Experimental Verification
An experiment was conducted on a seamless aluminum

cylindrical shell having a radius of 33.0 mm and a thickness of
0.155 mm. It has a mass per unit volume of 3.23 x 103 kg/m3,
including the effect of dry powder spray paint, which was
painted over the outer surface of the cylinder to achieve a
higher optical reflection. Young's modulus of 69.0 GPa and
Poisson's ratio of 0.3 were used for the calculations of the
frequency parameter o>.

The boundary conditions of FR were established naturally
by leaving the end completely free. Those of S3, S4, C3, and
C4 take w = N = 0 in common, so that they may be repre-
sented by w = N = 0. That is, the end is free in the axial direc-
tion, whereas it is restrained in the lateral direction. These
boundary conditions will be denoted as SF(w = AT ==0). This
type of boundary condition may be established by attaching a
thin annular plate at an end section. The end plate must have
an inplane rigidity that sufficiently resists the lateral deflection
of the cylindrical shell, as well as a sufficiently low bending
rigidity to permit local displacements of the shell in the axial
direction. An annular end plate with an inner radius of
11.0 mm and an outer radius of 33.0 mm was made from an
aluminum sheet of a thickness of 0.30 mmy which was attached
to an end of the cylindrical shell by adhesive resin. The test
specimen with FR-FR ends was screwed to a supporting metal
column by a support pin at the center of the cylindrical shell.
The test specimen with FR-SF ends was clamped around the
inner circle of the annular plate to the supporting column by a
pair of nuts. The cross-sectional view of the setups of the test
specimens is shown in Fig. 2.

The test specimen was excited by a small piece of thickness-
expansion piezoelectric oscillator having a length of 20 mm, a
width of 5.0 mm, a thickness of 1.0 mm, and a mass of 0.8 g,
including the attached electrical wires. The oscillator was
firmly attached by adhesive to the outer surface of the shell
parallel lengthwise to the generator. It was located near the
supported end in the test specimen with FR-SF ends, or near
the support pin in the test specimen with FR-FR ends aligning
both the pin and the oscillator along the generator (see Fig. 3).
The location of the oscillator was selected in the hope of avoid-
ing or minimizing the effect of the concentrated mass of the
oscillator.

Resonant vibrations were detected by holographic interfer-
ometry. Change in the real-time fringe pattern was observed as
the excitation frequency swept slowly upward. When a rapid

a ) b )

Fig. 2 Cross-sectional view of test specimens: a) FR-FR: b) FR-SF.
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free annular ,0.

F
-pin /
-oscillator

^shell ——

/

free free
180° 180°

a ) b )

Fig. 3 Location of the oscillator: a) FR-FR; b) FR-SF.

.oscillator

Fig. 4 Direction of hologram recording and observation.

Fig. 5 Sequence of fringe patterns in resonance observed at 0, 90,180,
and 270 deg (FR-SF, 94.46 Hz, n = 2).

Fig. 6 Fringe patterns of resonant mode of the Rayleigh type in FR-FR
specimen: 2L/R= 4.26.

increase in the fringe number was observed, a peak of the fringe
number was determined by manually tuning the excitation fre-
quency in a fine range. The time-average holograms were taken
at that peak, aiming at the test specimen in four directions
90 deg apart (see Fig. 4). If a sequence of the fringe patterns
developed from these holograms showed a regular and periodic
pattern consisting of clusters of smooth and symmetric dark
fringes separated by the brightest straight nodal lines, the exci-
tation frequency at that peak was determined as the natural
frequency, and the natural mode was identified by counting the

Fig. 7 Fringe patterns of resonant mode of the Love type in FR-FR
specimen: 2L/R = 4.26.

FR-FR

—— CALCULATION: Eq.(18)
O EXPERIMENT

Rayleigh-type
A EXPERIMENT

Love-type

1 2 3 4 5 6 7
WAVE NUMBER n

Fig. 8 Natural frequency for the FR-FR ends (experiment with 2L/

nodal lines. A sequence of the fringe patterns of the test speci-
men with FR-SF ends at an excitation frequency of 94.46 Hz is
shown in Fig. 5. Four clusters of evenly distributed fringes are
seen spaced equally and periodically around the circumference.
The axial nodal lines are invisible in these fringe patterns, but
they can be made visible if the position of the hologram record-
ing is rotated by about 45 deg. The vibration in this case can be
identified as the natural vibration characterized by n =2 and
/= 94.46 Hz. It should be noted that the fringes are distorted
only slightly in a very narrow region adjacent to the oscillator.
The effect of the concentrated mass of the oscillator is therefore
insignificant in determining the natural mode. The same holds
for other modes of lower order, including those of the test
specimen with FR-FR ends. In the Rayleigh type of mode, one
of the axial nodal lines passed through the support pin. In the
Love type of mode, the circumferential nodal line bisecting the
axis of the shell passed through the support pin, and two of the
axial nodal lines ran parallel to a nearly equidistant from the
generator on which the support pin and the oscillator were
aligned. In the third type of mode, the supported end formed a
circumferential nodal line, and the oscillator was located in the
middle of two axial nodal lines.

Representative fringe patterns of the natural modes of the
Rayleigh and Love type observed in the test specimen with
FR-FR ends are shown in Figs. 6 and 7, respectively. The
values of co corresponding to the natural frequencies are plot-
ted against n in Fig. 8. The curve represents the theoretical
values of co0 calculated from Eq. (18), taking n as a continuous
variable. A good agreement is observed between the theoretical
and experimental values. It is noted that the natural frequen-
cies of the Love type of mode are always slightly higher than
those of the Rayleigh type. Representative fringe patterns ob-
served in the test specimen with the FR-SF ends are shown in
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Fig. 9 Fringe patterns of the inextensional resonant mode in FR-SF
specimen.

2 3 4 5
WAVE NUMBER n

Fig. 10 Natural frequency for the FR-SF ends.

Fig. 9. The natural frequencies are plotted against n in Fig. 10.
The curve shows again the theoretical values calculated from
Eq. (18). The test was conducted on two specimen sizes, one
having a length-to-radius ratio of 4.33 and the other of 2.57.
The agreement between theory and experiment is excellent/The
change in the length of the test specimen does not significantly
alter the natural frequencies, as predicted by Eq. (18), which
exhibits no dependence oil the length parameter. These indicate
that the natural vibration of this type is inextensional.

VIII. Conclusions
Asymptotic solutions have been obtained for the eigenvalue

problems of the inextensional free vibrations of a circular
cylindrical shell. The natural frequency is given by Rayleigh's
solution o>0:

(D2 = 6n2(n2-l)2/(n2+l)

Nontrivial solutions for the deflection function have been
found under five different combinations of the boundary condi-
tions out of the 45 combinations investigated. They are given
by

w = WQco$nQ sinca0r; Rayleigh type

w = WQ(y/^) cosnB sinco0r; Love type

forFR-FR,and

cosnO s

for FR-SF (S3, 54, C3, C4). The first two represent the Ray-
leigh and Love types of inextensional mode. The third is a
linear combination of the first two, and thus it also represents
an inextensional mode. It immediately occurs to one that the
mode shape of the third type is the same as that of a half-length
portion of the Love type. This is precisely so in the case of
FR-S3. In fact, substituting w of the Love type into the right-
hand members of Eqs. (15) and solving them for the quantities
on the left-hand side, one can prove that S3 holds at the mid-
length section; y = 0. The present analysis has shown that the
same holds approximately for 54, C3, and C4.

It has been taken for granted that the inextensional vibra-
tions occur in mode either of the Rayleigh or the Love type
when both ends are free or when the shell is indefinitely long.
The present analysis has shown that these are not the only
possibilities. The inextensional vibrations can also occur for a
finite shell when one end is free and the other is supported in
such a manner that it can move freely in the axial direction.
The existence of these three types of inextensional mode has
been proved by an experiment.

The nontrivial solutions for the deflection function have
been derived by expanding the exponential functions into
power series under the assumption l/n£ = O(l). The power
series expansion is possible even if the assumption is made such
that Aw? = 0(A1/2). The resulting deflection functions under
this assumption are the same as those given if errors of order of
magnitude A1/2 are admitted. The conclusions of the present
analysis therefore apply for cases where the length parameter t
is bounded by

We must now anticipate errors of order of magnitude A1/2 to be
present in the linear expressions of the deflection function. It
should be noted that the same expressions can be obtained for
the deflection function if we restrict our attention to a central
portion of the shell characterized by A2(w/)2(^//)2 <^ 1. In this
ease, however, the error estimation just mentioned is no longer
valid uniformly over the entire shell length when / exceeds the
limit as specified.
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